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A BOUND FOR RATIOS OF EIGENVALUES OF SCHRODINGER 
OPERATORS WITH SINGLE-BARRIER POTENTIALS. 

JAMEL BEN AMARA AND HEDHLY JIHED 


Abstract. M. Horvath and M. Kiss [Proc. Amer. Math. Soc, (2005)] , proved 
that the upper estimate ^ {n > m > 1) of Dirichlet Shrodinger op¬ 
erators with nonnegative and single-well potentials. In this paper we discuss 
the case of nonpositive potentials q{x) defined and continuous on the interval 
[0,1]. Namely, we prove that if q{x) < 0 and single-barrier then 
for An > Xm ^ where q_ = min{g(a:), x £ [0,1]}. Moreover we show 

that there exixst Iq £ (0,1] such that if q{x) < 0 and single-barrier, then the 
associated eigenvalues (An (^o))n>i satisfy Ai (Iq) > 0 and ^ for 

n > m > 1. 


1. Introduction 


Consider the Shrodinger operator 


(1.1) -y”+ q{x)y = Xy, a: S [0,1] 
where q G C'[0,1] i with Dirichlet boundary conditions 

(1.2) j;(0)=y(l)=0. 

It is known (see [6]) that the spectrum of problems (fTR-lfra consists of a growing 
sequence of infinitely point Ai < A2 < .... < A^,... . 

Ashbaugh and Benguria [1] proved an optimal upper estimate of the eigenvalue 
ratio 

An 2 

Ai 

of Dirichlet Shrodinger operator with nonnegative potentials q{x). They also ex¬ 
amined the ratio of two arbitrary eigenvalues, and found 


An 


< 


for m < n, 


where [s] denotes the smallest integer greater than or equal to s. Yu-Ling Huang 
and C. K. Law [3] extented the results of [1] to the cases of Equation (11.11) with 
q{x) > 0 and general boundary conditions. Chung-Chuan Chen [4] proved the 
bound 

Ai>( Aik 

Am VLtoJ/ 

for problem (IQ) - III]) with q (x) < 0, where [sj denotes the smallest integer 
less than or equal to s. M. Horvath and M. Kiss [5] showed that for nonnegative 
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single-well potentials, 

An ^ 

\m ~ rn?' 

Let 0 < a;o < 1 fee fixed. Following Ashbaugh and Benguria [2] we call the 
function q a single-well function if q is decreasing in [0,a;o] and increasing in 
[xo,l]. Analogously, q is called a single-barrier function if it is increasing in [0,a:o] 
and decreasing in [xo,l]. 

In this paper we investigate the case of nonpositive potentials q{x) defined and 
continuous on the interval [0,1]. Namely, we prove that if q{x) < 0 and single¬ 
barrier then ^ ^ for A„ > Am > —2q_, where q_ = min{( 7 (x), x G [0,1]}. 

Moreover we show that there exixst Iq G (0,1] such that if q{x) < 0 and single¬ 
barrier, then the associated eigenvalues (A„ (l!o))„>i (of Problem (II. ip — (II. 2p de¬ 
fined on [0,.^o]) satisfy Ai (£q) > 0 and ^ for n > m > 1. 

2 . Preliminaries And The Main Statements 

In this section, we introduce the modified Priifer transformation that is the key 
to our results. 

Denote by y {x, z) the unique solution of the initial value problem 

(2.1) -y"'-\-q{x)y = z'^y, X G [0,1], z > 0 

(2.2) y(0) = 0, 2/'(0) = 1 

The Priifer variable r {x, z), ip (x, z) that we use here are defined by 

(2.3) y (x, z) = r (x, z) simp (x, z) 

(2.4) y'(x, z) = zr {x, z) cos ip {x, z) 

(2.5) ^(0,z) = 0, 

where r [x, z) > 0, and we denote by prime the derivative with respect to x (and 
by dot the derivative with respect to z). Define further 

( 2 . 6 ) 0 =^ 

z 

Using Equation dm one finds the following differential equations for r {x, z), 


(p{x,z) : 


(2.7) 

/ Q . 2 

(f = z -sin ip 

z 

(2.8) 

r' q 

— = — sin(/?cos(^, 


r z 

It is obvious that ?/ = 0 iff sinyi = 0, hence z'^ is an eigenvalue iff (p{Tr,z) is a 
multiple of tt. Denote by Zn the square root of A„. 
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Theorem 1. Let q{x) < 0 be monotone increasing in [0,xo] . Then 0(xo,z) < 0 
for z > y/—2q_, where q_ = inin{g(x), x € [0,1]} . If there is a z > \/—2q_ with 
6 {xq, z) = 0, then q = 0 in (0, Xq\. 

Theorem 2. For the regular Sturm-Liouville system (fTTTj) - (fTT^ , if q{x) < 0, 
continuous and single-barrier, then the and eigenvalues with A„ > Am > 
—2q_ {where q_ = min{g(a:), x € [0,1]}), 

An ^ 

Am ~ 

and if for two different m and n equality holds if and only if q = 0 in [0,1]. 

Theorem 3. There exist io € (0,1] such that if q < 0, continuous and single¬ 
barrier, then Ai (£o) > 0 and for the and eigenvalues with n > m > I, {of 
Sturm-Liouville Problems (HID - HID defined on [0,£o]) 

An (4) ^ 

Am (4) “ ’ 

and if for two different m and n equality holds if and only if q = 0 in [0, €o] ■ 

Theorem 4. Consider Equation HID with the Dirichlet-Neumann boundary con¬ 
ditions 

(2.9) y{0) = y'{l) = 0. 

If the potential q{x) < 0, continuous and increasing, then for the and 
eigenvalues with A„ > Am > —2(7_, {where q_ = min {(/(a;), x € [0,1]}), 

An ^ {2n- 1)^ 

Am “ (2m - 1) 2 ’ 

and if for two different m and n equality holds, then q = 0 in (0,1]. 
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